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Abstract
Let R be the Jordan algebra of k × k matrices over a field of characteristic zero. We exhibit a noncom-
mutative Jordan polynomial f multialternating on disjoint sets of variables of order k2 and we prove that
f is not a polynomial identity of R. We then study the growth of the polynomial identities of the Jordan
algebra R through an analysis of its sequence of Jordan codimensions. By exploiting the basic properties
of the polynomial f , we are able to prove that the exponential rate of growth of the sequence of Jordan
codimensions of R in precisely k2.
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1. Introduction
Let Mk(F) be the algebra of k × k matrices over a field F of characteristic zero. We denote
by R = Mk(F)(+) the algebra Mk(F) regarded as a Jordan algebra under the circle operation
a ◦ b = ab + ba. Our purpose in this paper is to exhibit new multialternating Jordan polynomials
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not vanishing in R and, as a consequence, to compute the exponential rate of growth of the Jordan
codimensions of the PI-algebra R.
Recall that if A is an associative PI-algebra (algebra satisfying a non-trivial polynomial iden-
tity), then the polynomial identities of A form a T-ideal Id(A) of the free associative alge-
bra F 〈X〉 = F 〈x1, x2, . . .〉. If Pn is the space of multilinear polynomials in x1, . . . , xn, then
the nth codimension of A is cn(A) = dim PnPn ∩ Id(A) . It is well known that the sequence of
codimensions is exponentially bounded [10] and it has been shown that the exponential rate
of growth of this sequence is an integer called the PI-exponent of the algebra A. More precisely
exp(A) = limn→∞ n√cn(A) exists and is an integer [5,6].
These notions have been generalized to Lie algebras, Jordan algebras and more generally to
arbitrary non-associative algebras. If A is a Jordan algebra, its Jordan identities IdJ (A) form a
T-ideal of the free Jordan algebra FJ 〈X〉. Let PJn be the space of multilinear Jordan polynomials
in x1, . . . , xn. Then, as in the associative case one defines the corresponding Jordan codimensions
cJn (A) = dim P
J
n
P Jn ∩ IdJ (A) . In the non-associative case the codimensions are no more exponentially
bounded in general. Nevertheless it has been shown in [1] that the codimensions of any finite
dimensional non-associative algebra are exponentially bounded. In case of finite dimensional
Lie algebras, in [11] it was shown that the exponential rate of growth of the codimensions is
an integer. The same conclusion was achieved in [4] for some special simple Jordan algebras of
small dimension. These results are quite surprising since in [3] the authors constructed, for any real
number α > 1, a non-associative algebra whose exponential rate of growth of the codimensions
equals α.
In this paper, by making use of the Jordan polynomials constructed in the first part of the paper,
we are able to prove that for R = Mk(F)(+), expJ (R) = limn→∞ n
√
cJn (R) exists and equals k2.
It is worth noticing that the multialternating Jordan polynomials constructed in the first part
of the paper are obtained with some involved strategy, from certain polynomials discovered by
Razmyslov which are central for a Lie-associative pair (U,L) where L is a semisimple finite
dimensional Lie algebra over an algebraically closed field [9].
2. Multialternating polynomials
Given an associative algebra A the Lie commutator [a, b] = ab − ba defines a structure of Lie
algebra on A which we shall denote byA(−). Similarly the circle operationa ◦ b = ab + ba defines
a structure of Jordan algebra denoted A(+). Throughout we shall use the right-normed notation
on Lie and Jordan monomials i.e., [x1, . . . , xn] denotes [x1, . . . , [xn−1, xn] . . .] and similarly for
Jordan products x1 ◦ · · · ◦ xn = (x1 ◦ · · · ◦ (xn−1 ◦ xn) · · ·).
Let X = {x1, x2, . . .} be a countable set. We denote by F 〈X〉 the free associative algebra on
X over F and by FJ 〈X〉 and FL〈X〉 the free special Jordan algebra and the free Lie algebra
on X, respectively. Throughout we shall tacitely assume that FJ 〈X〉 and FL〈X〉 are canonically
embedded in F 〈X〉. Also, in what follows we shall use other symbols like y, xji for extra new
indeterminates in F 〈X〉.
Recall that given a Lie algebra L, an enveloping algebra of L is an associative algebra U such
that L ⊆ U(−) and U is generated as an associative algebra by L. If L is a Lie algebra and U its
enveloping associative algebra, then (U,L) is called an associative-Lie pair (or simply a pair).
An associative polynomial f (x1, . . . , xt ) ∈ F 〈X〉 is an identity for the pair (U,L) if for any
a1, . . . , at ∈ L, f (a1, . . . , at ) = 0 in U. Also a polynomial f (x1, . . . , xt ) ∈ F 〈X〉 is a central
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polynomial for the pair (U,L) if f is not an identity of (U,L) and f (a1, . . . , at ) lies in the center
of U, for any a1, . . . , at ∈ L.
The following result is due to Razmyslov.
Theorem 1 [9, Theorem 12.1]. Let L be a finite dimensional semisimple Lie algebra over an
algebraically closed field of characteristic zero, and let dim L = m. Suppose that U is an envel-
oping algebra of L which is simple and with a non-zero center. Then there exist an integer t  1
and a multilinear polynomial h(x11 , . . . , x1m, . . . , x
t
1, . . . , x
t
m), alternating in each {xi1, . . . , xim},
1  i  t, such that h is a central polynomial for the pair (U,L).
We remark that by [9, Remark 18.2], the polynomial h constructed above is obtained from a
multilinear polynomial h′ = h′(y1, y2, . . .) by making substitutions of the type yi → [xαβ , xγδ ].
Hence we obtain the following extra property.
Remark 1. The polynomial h(x11 , . . . , x
1
m, . . . , x
t
1, . . . , x
t
m) has even degree.
In the next theorem we shall apply the above result to the Lie algebra L = slk(F ) of k × k
traceless matrices.
Theorem 2. Let F be an algebraically closed field of characteristic zero, R = Mk(F)(+) and
m = k2. Then there exists an integer t  1 and a multilinear Jordan polynomial
f = f (x11 , . . . , x1m, . . . , xt1, . . . , xtm, y) ∈ FJ 〈X〉
such that
(1) f is alternating on each set of indeterminates {xi1, . . . , xim}, 1  i  t;
(2) for any choice of x¯ij ∈ R, 1  i  t, 1  j  m, and y¯ ∈ R, we have
f (x¯11 , . . . , x¯
1
m, . . . , x¯
t
1, . . . , x¯
t
m, y¯) = λy¯
with λ ∈ F ;
(3) f is not a polynomial identity of R.
Proof. Let L = slk(F ) be the Lie algebra of k × k traceless matrices and let ad : L → End L be
its adjoint representation defined by adx(y) = [x, y]. Since L is simple, the adjoint representation
is irreducible and its image ad L generates U = End L ∼= Mk2−1(F ) as an associative algebra. By
Theorem 1 there exists an integer t and a central polynomial
h = h(x11 , . . . , x1m−1, . . . , xt1, . . . , xtm−1)
for the pair (U,L).
Recalling that the embedding L ⊂ U realizes the adjoint action of L on itself by left multipli-
cation, it follows that the polynomial
g = g(x11 , . . . , x1m−1, . . . , xt1, . . . , xtm−1, y)
= h(ad x11 , . . . , ad x1m−1, . . . , ad xt1, . . . , ad xtm−1)(y)
is a Lie polynomial. Moreover, since by [9, Remark 18.2], the polynomial h is obtained from a
multilinear polynomial h′ = h′(y1, y2, . . .) by making substitutions of the type yi → [xαβ , xγδ ],
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each indeterminate appears in a commutator [xij , xαβ ]. As a consequence we obtain the following
property of g.
Property 1. Let L ⊂ A be any embedding of L into an associative algebra A. If y¯ ∈ L and all
x
j
i ’s are evaluated to elements x¯
j
i of L except s  1 of them that are evaluated to elements of A
commuting with L, then
g(x¯11 , . . . , x¯
1
m−1, . . . , x¯t1, . . . , x¯
t
m−1, y¯) = 0.
We shall now construct, starting with g, a Jordan polynomial f. First notice that the following
relation holds in any associative algebra
[c, b, a] = b ◦ (c ◦ a) − (b ◦ c) ◦ a. (1)
Hence in the free associative algebra, any Lie monomial of degree 3 can be regarded as a Jordan
polynomial. Recall that any Lie commutator of degree n can be written as a linear combina-
tion of right-normed Lie commutators of degree n. Hence it follows that any Lie polynomial of
odd degree is a Jordan polynomial. In particular, since by Remark 1, deg h is even, the poly-
nomial g = g(x11 , . . . , x1m−1, . . . , xt1, . . . , xtm−1, y) is a Jordan polynomial. We now define the
polynomial
f = f (x11 , . . . , x1m, . . . , xt1, . . . , xtm, y)
= Alt1 · · · Altk(x1m ◦ · · · ◦ xtm ◦ g(x11 , . . . , x1m−1, . . . , xt1, . . . , xtm−1, y)),
where x1m ◦ · · · ◦ xtm ◦ g is a right-normed Jordan product and Altj is the operator of alternation
on x
j
1 , . . . , x
j
m.
We claim that f satisfies conditions (1)–(3) of the theorem. Clearly f satisfies (1) by
construction.
We next show that f satisfies (2). Since f is alternating on xi1, . . . , xim, 1  i  t , we have that
f will vanish as soon as xi1, . . . , xim are evaluated to linearly dependent elements, for some i.
Hence (2) holds in this case (with λ = 0). Now let B = {b1, . . . , bm} be a basis of R = M(+)k (F )
consisting of the identity matrix E and of m − 1 = k2 − 1 traceless matrices of L = slk(F ).
Let ϕ : {x11 , . . . xtm} → B, y → y¯ be an evaluation such that for every i = 1, . . . , t , the elements
ϕ(xi1), . . . , ϕ(x
i
m) are linearly independent over F. Then the corresponding value of f is a linear
combination of elements of the type
bi1 ◦ · · · ◦ bit ◦ g(bj1 , . . . , bj(m−1)t , y¯). (2)
If at least one among bj1 , . . . , bj(m−1)t is equal to E then, by Property 1, the element in (2) is
equal to zero. On the other hand, if all the elements bj1 , . . . , bj(m−1)t are different from E, then
the evaluation in (2) becomes
E ◦ · · · ◦ E ◦ g(bj1 , . . . , bj(m−1)t , y¯) = 2t g(bj1 , . . . , bj(m−1)t , y¯) = λy¯
for some λ ∈ F , since bj1 , . . . , bj(m−1)t , y¯ ∈ L and h is a central polynomial for the pair (U,L).
It follows that ϕ(f ) is a scalar multiple of y¯ and (2) is proved.
In order to complete the proof we need only to show that f takes non-zero values in R.
Since h is not an identity of the pair (U,L), there exists a non-zero evaluation xji → x¯ji ∈ L.
Then
h(x¯11 , . . . , x¯
1
m−1, . . . , x¯t1, . . . , x¯
t
m−1) = λε
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in U, where ε is the unit element of the matrix algebra U and
g(x¯11 , . . . , x¯
1
m−1, . . . , x¯t1, . . . , x¯
t
m−1, y¯) = λy¯
for all y¯ ∈ L. If we now set x¯1m = · · · = x¯tm = E ∈ R, then the corresponding value of f equals
E ◦ · · · ◦ E ◦ Alt′1 · · · Alt′t (g(x¯11 , . . . , x¯1m−1, . . . , x¯t1, . . . , x¯tm−1, y¯)), (3)
where Alt′j is the operator of alternation on x
j
1 , . . . , x
j
m−1, since all the remaining summands are
zero due to Property 1. Since the polynomial g is already alternating on xj1 , . . . , x
j
m−1, the value
of f given in (3) is equal to
2t ((m − 1)!)tg(x¯11 , . . . , x¯1m−1, . . . , x¯t1, . . . , x¯tm−1, y¯) = 2t ((m − 1)!)tλy¯
and the proof of the theorem is complete. 
3. Codimension growth
Throughout F is a field of characteristic zero. Let Pn be the space of multi-linear
associative polynomials in x1, . . . , xn and let PJn be the space of multilinear Jordan polyno-
mials in x1, . . . , xn. Denote by Id(A) the T-ideal of F 〈X〉 of polynomial identities of an asso-
ciative algebra A and by IdJ (B) the T-ideal of FJ 〈X〉 of polynomial identities of a Jordan
algebra B.
It is well known that the symmetric group Sn acts on Pn: if σ ∈ Sn and f (x1, . . . , xn) ∈ Pn,
then σf (x1, . . . , xn) = f (xσ(1), . . . , xσ(n)) and Id(A) is invariant under this action. Then χn(A),
the nth cocharacter of A, is defined as the Sn-character of the module PnPn ∩ Id(A) . By complete
reducibility we can write χn(A) =∑λn mλχλ where λ is a partition of n, χλ is the irreducible
Sn character associated to λ and mλ  0 is the multiplicity of χλ in χn(A).
The above action can be extended in a natural way to an action of the group Sn on PJn . As
in the associative case, if B is a Jordan algebra, PJn ∩ IdJ (B) is an invariant subspace and we
define χJn (B) as the character of the Sn-module
PJn
P Jn ∩IdJ (B) .
In case A is an associative algebra and B is a Jordan subalgebra of A(+), the relation between
the two cocharacters is given as follows [4, Lemma 3.2]: if χn(A) =∑λn mλχλ and χJn (B) =∑
λn m′λχλ, then m′λ  mλ, for all λ  n, and for all n  1.
Therefore, if cn(A) = deg χn(A) = dim PnPn ∩ Id(A) is the nth codimension of A and cJn (B) =
deg χJn (B) = dim P
J
n
P Jn ∩ IdJ (B) is the nth Jordan codimension of B, we have that for all n,
cJn (B)  cn(A).
Moreover, since for an associative PI-algebra A, the multiplicities mλ are polynomially bounded
[2], the same holds for B.
The following theorem states this result and gives also an upper bound of the Jordan codimen-
sions of a finite dimension algebra.
Theorem 3 [4, Theorem 3.1]. Let A be an associative F-algebra and B ⊆ A(+) a Jordan subal-
gebra such that dim B = d. Let χJn (B) =
∑
λn mλχλ and cJn (B) = deg χJn (B). Then
(1) there exists a constant k, such that mλ  nk, for all n and all λ  n;
(2) there exist constants C, t such that for all n, cJn (B)  Cntdn.
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Recall that for an associative PI-algebra A, exp(A) = limn→∞ n√cn(A) exists and is an integer
called the PI-exponent of the algebra A. If B is a Jordan algebra such that its codimensions cJn (A)
are exponentially bounded (e.g., if B is finite dimensional), one defines
expJ (B) = lim sup
n→∞
n
√
cJn (A), exp
J (B) = lim inf
n→∞
n
√
cJn (A),
the upper and the lower Jordan exponent of B, and
expJ (B) = expJ (B) = expJ (B),
is the Jordan exponent of B, in case this equality holds.
Our aim in this section is to prove that for the Jordan algebra Mk(F)(+), the Jordan exponent
exists and expJ (Mk(F )(+)) = k2 = exp(Mk(F )).
Theorem 4. Let F be a field of characteristic zero and R = Mk(F)(+). Then there exist constants
C1 > 0, C2, t1, t2 such that
C1n
t1k2n  cJn (R)  C2nt2k2n,
for all n  1. Hence the Jordan exponent of R exists and expJ (R) = k2 = exp(Mk(F )).
Proof. It is well known that the codimensions of an algebra do not change upon extension of the
base field (see for instance [7, Theorem 4.1.9]. Hence without lost of generality we may assume
that F is algebraically closed.
Let k2 = m. Then by Theorem 2, there exist t  1 and a multilinear Jordan polynomial
f = f (x11 , . . . , x1m, . . . , xt1, . . . , xtm, y)
such that f is alternating on each set of indeterminates {xi1, . . . , xim}, 1  i  t, f is not a polyno-
mial identity of R and for any choice of x¯11 , . . . , x¯
t
m, y¯ ∈ R, f (x¯11 , . . . , x¯1m, . . . , x¯t1, . . . , x¯tm, y¯) =
λy¯ with λ ∈ F . For simplicity rename the variables and write f = f (x1, . . . , xtm, y).
Suppose first that n = qtm, for some q  1. Define the following sequence of polynomials:
f1 = f (x1, . . . , xtm, y),
f2 = f (xtm+1, . . . , x2tm, f1), . . . , fq = f (x(q−1)tm+1,...,xqtm,fq−1)
and write fq = fq(x1, . . . , xn, y) = g(x1, . . . , xn, y). Hence g is a multilinear Jordan polyno-
mial alternating on qt disjoint sets of m variables each. Moreover, by construction there exists a
substitution x¯1, . . . , x¯n, y¯ ∈ R such that g(x¯1, . . . , x¯n, y¯) = λy¯ /= 0, for some λ ∈ F i.e., g is not
a polynomial identity of R.
By abuse of notation, we let PJn+1 be the space of multilinear Jordan polynomials in y, x1, . . . ,
xn. Then g ∈ PJn+1 and we regard PJn+1 as an Sn-module by letting Sn act on x1, . . . , xn. We then
consider FSng, the Sn-submodule of PJn+1 generated by g and we decompose it into irreducible
submodules.
Given a Young tableauTλ of shapeλ  n, letRTλ andCTλ denote the subgroups ofSn stabilizing
the rows and the columns of Tλ, respectively. It is well known that if we let
RTλ =
∑
σ∈RTλ
σ and CTλ =
∑
τ∈CTλ
(sgnτ)τ,
the element eTλ = RTλCTλ is an essential idempotent of the group algebra FSn, generating an
irreducible Sn-module associated to λ.
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Since g /∈ IdJ (R), there exists a Young tableau Tλ, λ  n, such that eTλg ≡ 0 in R. Write
λ = (λ1, . . . , λr ).
If λ1  qt + 1, then eTλg is symmetric on at least qt + 1 variables among x1, . . . , xqtm. But
these variables are divided into qt disjoint alternating subsets. It follows that eTλg is alternating
and symmetric in at least two variables and, so, eTλg = 0 in the zero polynomial, a contradiction.
Thus λ1  qt .
Suppose now that r  m + 1. Since the first column of Tλ is of height at least m + 1, the
polynomial CTλg is alternating on at least m + 1 variables among x1, . . . , xqtm. From dim R = m
it follows that CTλg ≡ 0 on R and, so, also eTλg = RTλCTλg ≡ 0 on R, a contradiction.
We have proved that FSneTλg IdJ (R), for some Young tableau Tλ of shape λ = ((qt)m),
a rectangle of width qt and height m.
Let now n  tm + 1 be an arbitrary integer and write n = qtm + r , for some q, r with 0 
r  tm. Let g = g(x1, . . . , xqtm, y) be the polynomial constructed above and set g′ = g, if r = 0,
or
g′(x1, . . . , xn, y) = xn ◦ · · · ◦ xqtm+1 ◦ g(x1, . . . , xqtm, y),
if r > 0. Clearly g′ ∈ PJn+1. Moreover, if λ = ((qt)m) and Tλ is the Young tableau given above
such that eTλg /∈ IdJ (R), it is clear that eTλg′ /∈ IdJ (R) also holds.
Write FSn = ⊕μnIμ, where Iμ is the minimal two-sided ideal of FSn corresponding to the
partition μ. By the branching rule of Sn (see [8, Theorem 2.4.3]) we have that
FSneTλg
′ ⊆
⊕
μ⊇λ
μn
Iμg
′,
and, since eTλg′ /∈ IdJ (R), there exists a partition μ  n and a tableau Tμ such that FSneTμg′ 
IdJ (R). This says that cJn+1(R)  dμ = dim FSneTμ . But again by the branching rule,
dμ  dλ = d((qt)m). Since asymptotically d((qt)m)  C(qtm)smqtm, for some constants C, s
(see [7, Lemma 6.2.5]), we obtain that
cJn+1(R)  C1(n + 1)s1mn+1
for some constants C1 > 0, s1.
Putting together Theorem 3 and the above inequality we get C1ns1mn  cJn (R)  C2ns2mn,
for some constants C1, C2, s1, s2. In particular limn→∞ n
√
cJn (R) = m and we are done. Notice
that by [7, Theorem 6.6.1], exp(Mk(F )) = k2 = m. 
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